Abstract. We prove the existence theorem of basic elements in the projective case, extending results of Eisenbud-Evans and Bruns from the affine case. We give several geometric applications to codimension two subvarieties of P n k .
Introduction
A basic element of a module is an element which is part of a minimal system of generators at the localization by each prime. We also consider elements that are basic at primes up to a certain codimension or depth. General results of Eisenbud-Evans [5] guarantee the existence of a basic element in a submodule if the submodule contains enough minimal generators at each point. To name a few consequences of the existence theorems, one can prove the Bass' cancellation theorem, the Forster-Swan theorem, Bass' stable range theorem and a theorem of Serre on the existence of free summands in a projective module, see [4] for details.
The heart of the proof of the existence theorem is [5, Lemma 3] , which states that after taking certain invertible linear combinations, one can drop a generator of a submodule while maintaining basicness to a maximal extent over finitely many points. The original proof of this lemma does not go through in the projective case. We say a subsheaf F ′ of a coherent sheaf F is w-basic at a point p if µ(F , p) − µ(F /F ′ , p) ≥ w, where µ(G , p) denotes the k(p)-dimension of the fiber G (p) for a coherent sheaf G . Our main contribution is providing a proof of the same lemma in the projective case. Lemma 1.1. Let X be a projective scheme over a noetherian ring A containing an infinite field, and let O(1) be a very ample line bundle. Let s j ∈ H 0 (F (a j )) for 1 ≤ j ≤ u be u sections of a coherent sheaf F in degrees a 1 ≤ · · · ≤ a u . If the subsheaf generated by s 1 , . . . , s u is w i -basic in F at p i ∈ X for 1 ≤ i ≤ v, then there are r j ∈ H 0 (O(a j − a 1 )) for 2 ≤ j ≤ u such that s 2 + r 2 · s 1 , . . . , s u + r u · s 1 generate a subsheaf that is min(u − 1, w i )-basic in F at p i for all 1 ≤ i ≤ v.
The main theorem then follows from essentially the same proof in the affine case.
Theorem 2.5 (Existence theorem, codimension version). With assumptions as above, suppose t ≥ 1 is an integer such that s 1 , . . . , s u generate a subsheaf F ′ that is min(u, m + t − dim O p )-basic in F at all p ∈ C m . If u ≤ t, then F ′ is u-basic at all p ∈ C m . If u > t, then there is a subsheaf F ′′ of F ′ generated by t sections s ′ u−t+1 , . . . , s ′ u in degrees a u−t+1 , . . . , a u that is t-basic in F at all p ∈ C m . The sections s ′ i 's can be chosen to be of the form
In Section 3, we prove the Bruns reduction theorem in the projective case. It states that a sheaf of rank r > m satisfying Serre's condition (S m ) contains a locally free subsheaf of rank r − m, whose quotient is of rank m and satisfies (S m ). We give a criterion for when a Bruns reduction factors through another. There are several geometric applications in codimension two. We study the Caylay-Bacharach index of points in P 2 and provide upper and lower bounds in terms of the second Betti numbers of the points. We show that the Lazarsfeld-Rao procedure [8] of producing a curve in P 3 from a bundle factors through a Hartshorne-Serre correspondence [7] if and only if the curve is a generic complete intersection. Finally, we show that every pure codimension two locally complete intersection in P n is the degeneracy locus of (n − 1) generically independent sections of a rank n bundle.
The finite shrinking lemma
Throughout, let X be a projective scheme over a noetherian ring A containing an infinite field k, let O(1) be a very ample line bundle and let F denote a coherent sheaf on X.
We call sections of
⊗l sections of F in degree l. If s 1 , . . . , s u are sections of F in degree a 1 , . . . , a u , then let (s 1 , . . . , s u ) denote the image subsheaf of the morphism ϕ :
For a point p ∈ X, let F p denote the stalk of F at p, and let F (p) denote the fiber at p. We write µ(F , p) for the dimension of F (p) over the residue field k(p). By Nakayama's lemma, the number of minimal generators of F p over the local ring O p is equal to µ(F , p).
If we chose a different dehomogenization, these elements would be scaled by units in
By Nakayama's lemma, a subsheaf F ′ is w-basic in F at p iff F ′ p contains w elements that are a part of a minimal system of generators of F p .
The following lemma says that we may, after taking invertible linear combinations, drop one section of the lowest degree while maintaining basicness to the maximal possible extent at finitely many points.
Lemma 1.1 is the projective version of Lemma 3 of [5] , which is also used in [1, Theorem 1] . The original proof breaks down in the projective case and requires a different strategy. The key difficulty is that the forms r j must now be homogeneous of degrees a j − a 1 , as opposed to any forms in the affine case. The original proof involved finding a form r j that vanishes on p 1 , . . . , p v−1 but not on p v , assuming p v is minimal. Such a form always exists in high enough degrees, but there is no guarantee for it to exist in degree a j − a 1 . We overcome this difficulty with the following lemma from linear algebra. Lemma 1.2. Let v 2 , . . . , v u be vectors in a vector space V over a field K. For any 2 ≤ j ≤ u, there is at most one λ ∈ K where
Suppose v j ∈ span{v 2 , . . . ,v j , . . . , v u }. We may quotient V by span{v 2 , . . . ,v j , . . . , v u } and denote the images of v 1 and v j by v 1 and v j . If the inequality in the statement holds, then we must have v j + λ · v 1 = 0. It follows that v 1 is a nonzero multiple of v j and λ is uniquely determined.
For clarity of exposition, we use the following lemma to make a consistent choice of dehomogenization at finitely many points. Proof. We claim that a nonzero vector space over an infinite field is not the union of finitely many proper subspaces. Suppose V is the union of proper subspaces V 1 , . . . , V n . We may enlarge V i to be codimension one subspaces. We may quotient V by the intersection of V 1 , . . . , V n and assume the intersection is zero. In this case, the space V embeds into the direct sum of the quotients V /V i , and therefore V is finite dimensional. This argument shows that a counter-example in the infinite dimensional case gives a counter-example in the finite dimensional case. But the statement is true for finite dimensional vector spaces.
) be a form that does not vanish at p i for any i as in Lemma 1.3. We prove the lemma by induction on v. Suppose v = 1, and (s 1 , . . . , s u ) is w 1 -basic at p 1 . If u = w 1 , then any choice of r j 's would work. We may suppose u > w 1 . If (s 2 , . . . , s u ) is w 1 -basic, then we may choose r j = 0 for all j. If not, then there exists some
. In this case, we may take r j = 0 for every j = l, and choose r l = L a j −a 1 . Since r l has the image a nonzero unit in k(p 1 ), we see µ(F /(s 2 , . . . , s l + r l s 1 , . . . , s u ),
Now we prove the case v > 1. If w i = u for some i, then any choice of r j 's would satisfy the requirement at p i . Thus we may consider the same problem at fewer points, and induction on the number of points v takes care of this case. Thus we may assume that u > w i for all i. By the induction hypothesis, there exist r
. We choose r ′′ l := λ·L a l −a 1 for a nonzero λ ∈ k yet to be determined. By the same reasoning in the paragraph above, the image of r 
We do not know if the same statement remains true without the assumption that A contains an infinite field.
Existence of basic elements
In this section we extend the results of [5] and [1] to the projective case. We slightly generalize the existence theorem to "catch" multiple basic elements at once. Aside from that, our contribution here is mostly that of a translation.
Note that for any coherent sheaf F on X there is a presentation E 1 → E 0 → F → 0 where E 1 and E 0 are locally free of finite rank.
Definition. Let E 1 ϕ − → E 0 be a map of locally free sheaves of finite rank on X. The i-th minor ideal sheaf I i (ϕ) is defined as the image ideal of the map
Let F be a coherent sheaf on X and let E 1 ϕ − → E 0 → F → 0 be a presentation of F by locally free sheaves E 1 and E 0 of finite rank. We define the i-th Fitting ideal F itt i (F ) of F to be I n−i (ϕ), where n = rank E 0 . Let Z i (F ) be the subscheme corresponding to F itt i (F ). Proposition 2.1. With notations as above, the ideal sheaf F itt i (F ) is well-defined and does not depend on the presentation chosen for any i. Furthermore, the subscheme Z i (F ) contains exactly points p ∈ X where µ(F , p) > i.
Proof. See [3, §20] for basic facts on Fitting ideals. Lemma 2.2. Let C be a set of points in X and let F ′ be a subsheaf of a coherent sheaf F . Suppose F ′ is w-basic in F at all points that are the generalization of a point in C, then F ′ is w-basic at all but finitely many points in C.
Proof. We claim that if F ′ is not w-basic at p ∈ C, then p is the generic point of a component of Z i (F ) for some i. Since there are only finitely many ideals F itt i (F /F ′ ), and each Z i (F ) has only finitely many components by the noetherian property, the conclusion follows. Let p ∈ C and µ(F /F ′ , p) = s. It follows that p ∈ Z s−1 (F /F ′ ) and p ∈ Z s (F /F ′ ). Suppose p is not the generic point of a component, then there exists a point q ∈ Z s−1 (F /F ′ ) that is a proper generalization of p.
On the other hand µ(F , q) ≤ µ(F , p) since q is a generalization of p. It follows that F ′ is w-basic at p.
For an integer m ≥ 0, let
Lemma 2.3. Let s 1 , . . . , s u be sections of a coherent sheaf F on X in degrees a 1 ≤ · · · ≤ a u . Let t ≥ 1 be an integer, and suppose
Proof. By Lemma 2.3, there are only finitely many points p 1 , . . . , p v in C m where (s 1 , . . . , s u ) is not min(u, m + t + 1 − dim O p )-basic. We apply Lemma 1.1 and find forms
Theorem 2.5 (Existence theorem, codimension version). Let s 1 , . . . , s u be sections of a coherent sheaf F on X in degrees a 1 ≤ · · · ≤ a u . Suppose t ≥ 1 is an integer such that
is u-basic at all p ∈ C m . If u > t, then there are t sections s ′ u−t+1 , . . . , s ′ u of F in degrees a u−t+1 , . . . , a u that generate a subsheaf that is t-basic in F at all p ∈ C m . Moreover, for each u − t + 1 ≤ i ≤ u, the section s ′ i can be chosen to be of the form s i + r i−1 s i−1 + · · · + r 1 s 1 for some r j ∈ H 0 (O(a i − a j )).
Proof. If u ≤ t, then u ≤ m + t − dim O p for all p ∈ C m and the statement is trivial. If u > t, then we may apply Theorem 2.4 (u − t)-times to obtain the desired t sections.
Let D m = {p ∈ X | depth O p ≤ m}. We may similary adapt the arguments of [1] to the projective case. We state the results but omit the proofs. Theorem 2.6. Let s 1 , . . . , s u be sections of a coherent sheaf F on X in degrees
Theorem 2.7 (Existence theorem, depth version). Let s 1 , . . . , s u be sections of a coherent sheaf F on X in degrees a 1 ≤ · · · ≤ a u . Suppose t ≥ 1 is an integer such that (s 1 , . . . , s u ) is 
Factorization of Bruns reductions
A lemma of Serre [9, p148] states that a globally generated bundle of rank greater than the dimension of the ambient variety has a nowhere vanishing section. The next corollary is a generalization where the sheaf in consideration is only locally free up to a certain codimension.
Definition. We say a coherent sheaf F is (F m ) if F p is locally-free for all p ∈ C m . Corollary 3.1. Let F be a coherent sheaf on X that is (F m ) with rank r > m. If
Proof. For all p ∈ C m , the module F p is locally-free of rank r. Let (s 1 , . . . , s u ) be the sections of F in degrees a 1 ≤ · · · ≤ a u corresponding to ϕ.
O(−a i ) mapping to F giving (r − m) sections that form a part of a system of minimal generators of the locally free module F p at each p ∈ C m . It follows that F /L is locally free at all p ∈ C m . Since ϕ is injective at all associated points of X which are those of L , it follows that ϕ is injective.
The following corollary is due to Bruns [1] in the affine case.
Proof. For p ∈ D m , the module F p is free since it has finite projective dimension and depth F p = depth O p . Let s 1 , . . . , s u be sections of F corresponding to ϕ. Since (s 1 , . . . , s u ) is min(u, m + (r − m) − depth O p )-basic in F at all p ∈ D m , it follows from Theorem 2.7 that we may find a rank (r − m) summand L corresponding to sections that locally form a part of a minimal system of generators of F p at each p ∈ D m . It follows that F /L is locally free at all p ∈ D m . Since ψ : L → F is injective at all p ∈ D 0 , it follows that ψ is injective. If p ∈ X is such that depth O p > m, then the depth lemma applied to the sequence
Definition (Bruns reduction). A Bruns m-reduction (an m-reduction for short) of F is a quotient map p : F → F ′ , where F ′ is (S m ) of rank m and ker p is of the form
If (1) and (2) are satisfied, we may take the factor map F ′ f − → F ′′ to be such that ker f is a rank (n − m) summand in ker p := u i=1 O(−a i ) with the smallest a i 's. The conditions (1) and (2) are also necessary if n = m + 1.
Proof. The sheaf F has a well-defined rank since both F ′′ and u i=1 O(−a i ) have welldefined rank. Let r = rank F , and thus u = r − m. Let (s 1 , . . . , s r−m ) be the sections of F corresponding to
= F /L is rank n and (S n ). The snake lemma applied to the commutative diagram of exact sequences below yields the first claim 
In the following, we explore some geometric applications of the factorization theorem.
Lemma 3.4. A coherent sheaf F on P n k is isomorphic to an ideal sheaf up to twisting by O(l) iff F is rank 1 and (S 1 ).
Proof. If I is an ideal sheaf of a subscheme Z, then the exact sequence 0 → I → O → O Z → 0 implies that I is rank 1 and (S 1 ). The same is true for I (l) for any l. Suppose F is rank 1 and (S 1 ), then F is torsion-free since F is locally free in codimension one. Thus F → F * * is an injection, and F * * is a rank one reflexive sheaf. Since Pic(P n k ) = Z, it follows that F * * ∼ = O(l) for some l. It follows that F (−l) is isomorphic to an ideal sheaf.
3.1. Points in P 2 k . Definition. A zero dimensional subscheme Z of P 2 k satisfies Cayley-Bacharach property with respect to O(l) for an integer l if for any colength one subscheme Z ′ ⊂ Z, any divisor in H 0 (O(l)) containing Z ′ also contains Z. We say Z satisfies (CB l ) for brevity.
Proposition 3.5. With notations as above, if Z satisfies (CB l ) then Z satisfies (CB l−1 ).
) cut out a hyperplane avoiding Z. It follows that the hypersurface cut out by V (f · l) contains Z ′ and thus contains Z. By the choice of l, we conclude that Z is contained in V (f ).
Definition. Let Z be a zero dimensional subscheme of P 2 k . The Cayley-Bacharach index of Z, denoted by CB(Z), is the largest integer l such that Z satisfies (CB l ).
A theorem of Griffith-Harris [6] characterizes when a set of reduced points satisfies CayleyBacharach properties. The non-reduced case is proven by Catanese [2] . Theorem 3.6 (Griffith-Harris-Catanese). Let Z be a zero dimensional locally complete intersection in P 
be a miniaml graded free S-resolution of the homogeneous ideal
Proof. We sheafify ( * ) to obtain a 1-reduction of
Since µ(I Z , p) ≤ 2 for all p ∈ X by the assumption that Z is a locally complete intersection, it follows from Theorem 3.3 that there is an extension of the form 0 → O(−a 1 ) → E → I Z → 0 where E is (S 2 ) of rank 2. Since dim X = 2, it follows that E is locally-free. Conversely, suppose 0 → O(−l) → E → I Z → 0 is an extension where E is locally free of rank 2. It follows that we have an exact sequence
is zero. It follows that ϕ drops rank on Z. This is a contradiction to the fact that ϕ drops rank nowhere since E is locally-free.
In particular, the Cayley-Bacharach index of an (a, b)-compelete intersection in P 2 k is exactly a + b − 3. Let Z be a zero dimensional locally complete intersection in P 2 k of degree 8. Then Z lies on at least two linearly independent cubics C 1 and C 2 . If Z does not lie on any conic, then C 1 and C 2 cut out a complete intersection K. It follows that Z is residual to one point p in K. Since K satisfies (CB 3 ), it follows that every cubic containing Z contains the residual point p as well. This is the classical Cayley-Bacharach theorem.
Curves in P
3 . The next theorem says that the Lazarsfeld-Rao procedure [8] of producing a curve from a bundle factors through a Hartshorne-Serre correspondence [7] if and only if the curve is a generic complete intersection. Theorem 3.8. Let C be a pure codimension two curve in P 3 k , and let e(C) :
There is an extension of the form
where L is of the form u i=1 O(−a i ) for a 1 ≤ · · · ≤ a u ≤ e(C) + 4, and E is locally free of rank u + 1 and H 2 * (E ) = 0. There exists an extension 0 → O(l) → F → I C → 0 such that F is a rank two reflexive quotient of E iff C is a generic complete intersection. In this case, we may choose l = a 1 and F to be a 2-reduction of E .
Proof. The existence of the extension 0 → L → E p − → I C → 0 is a result of Lazarsfeld-Rao [8, Lemma 1.1] . This is a 1-reduction of E . The pure codimension two subscheme C is a generic complete intersection iff µ(I C , p) ≤ 2 for all p ∈ D 2 = C 2 . If a Hartshorne-Serre correspondence exits, then µ(I C , p) ≤ µ(F , p) = 2 for all p ∈ D m . The converse and the last statement follow from Theorem 3.3.
3.3. Codimension two locally complete intersections. Theorem 3.9. Let V be a pure codimension two locally complete intersection in P n k . Then there exists a locally free sheaf E of rank n and a direct sum of line bundles L of rank n − 1 such that 0 → L → E → I V → 0 is exact.
Proof. Let Z be linked to V by an (s, t)-complete intersection K as in [10, Proposition 2.1]. Since V is of pure codimension two and Cohen-Macaulay, so is Z. Let If rank E + 2 < n, then we may add trivial complexes of the form 0 → O ∼ − → O → 0 → 0. If rank E + 2 > n, then the conclusion follows from Theorem 3.3 since I V is locally generated by at most 2 elements.
In particular, any smooth curve in P 3 k is the degeneracy locus of two sections of a rank 3 bundle on P 3 . In fact, we only need to require that the curve is pure codimension two Cohen-Macaulay, a generic complete intersection and locally an almost complete intersection.
